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Distinguishability of non-orthogonal density matrices does not imply violations of the second law∗
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The hypothetical possibility of distinguishing preparations described by non-orthogonal density matrices does
not necessarily imply a violation of the second law of thermodynamics, as was instead stated by von Neumann.
On the other hand, such a possibility would surely mean that the particular density-matrix space (and related
Hilbert space) adopted would not be adequate to describe the hypothetical new experimental facts. These points
are shown by making clear the distinction between physical preparations and the density matrices which rep-
resent them, and then comparing a “quantum” thermodynamic analysis given by Peres with a “classical” one
given by Jaynes.
PACS numbers: 03.65.Ca,65.40.Gr,03.67.-a
1. VON NEUMANN (AND PERES) ON ORTHOGONALITY
AND THE SECOND LAW
In §V.2 of von Neumann’s Mathematische Grundlagen der
Quantenmechanik [1] we find the following two propositions
(p. 197):1
two states φ, ψ [. . . ] can certainly be separated by
a semi-permeable membrane if they are orthogo-
nal;
(1)
and the converse
if φ, ψ are not orthogonal, then the assumption of
such a semi-permeable membrane contradicts the
second law [of thermodynamics].
(2)
The demonstrations of these two statements given by
von Neumann are based on the same “thermodynamic con-
siderations” by which he derives his entropy formula. Peres,
in his insightful and lucid book [2], also gave a demonstration
to show that if we were able to produce two semi-permeable
membranes which unambiguously distinguish non-orthogonal
“states”, we could violate the second law of thermodynamics.
The purpose of this paper is first to rephrase the two state-
ments above, substituting the ambiguous term “state” with
other terms which make clear the distinction between a physi-
cal phenomenon and its mathematical description [2–13], and
then to show that von Neumann’s (and Peres’) second state-
ment, once rephrased, is not necessarily true. This will be
done by comparing Peres’ demonstration [2] with a lucid, sim-
ple, and probably less known analysis, given by Jaynes [14],
of a seeming violation of the second law of thermodynam-
ics apparently due to classical (i.e. non-quantum) “indistin-
guishability” issues.
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1
“zwei Zustände φ, ψ [. . . ] durch semipermeable Wände bestimmt getrennt
werden können, wenn sie orthogonal sind”, and “sind φ, ψ nicht orthog-
onal, so widerspricht die Annahme einer solchen semipermeablen Wand
dem zweiten Hauptsatz”.
The paper is not directly concerned with questions about
the relation between thermodynamics and statistical mechan-
ics, nor to questions about “classical” or “quantum” entropy
formulae. Indeed, no particular entropy formula will be used,
but only the assumption that in a closed thermodynamic cycle
the entropy change vanishes.
2. EXEGESIS OF VON NEUMANN’S STATEMENTS
Let me now rephrase von Neumann’s statements above, at
the cost of making some semantic violence to them, and in
particular let me eliminate the too-many-faced term “state” in
favour of the two distinct terms (physical) preparation [2–13]
(cf. also [15–17]), which has a clear physical, experimental
meaning, and statistical matrix, which denotes a mathemati-
cal object instead: ‘statistical matrix’ is the old term for what
has been called ‘density matrix’ apparently since Wigner [18]
(cf. Fano [19]); since the matrices we consider here concern
statistics but no probability densities, I prefer to use the old
term hereafter.
Let me also substitute, but only for the time being, the
thermodynamic concept of a semi-permeable membrane with
the more general idea of an observation procedure [2–11].
Von Neumann spoke of membranes only because he needed a
conceptual device that could endow with thermodynamic con-
sequences the ability to distinguish (and thus separate) physi-
cal preparations. We shall reintroduce and discuss this device
in the next section, but for the moment let us be more general.
We can express von Neumann’s first statement (1) as fol-
lows:
if there is an observation procedure by which we
can distinguish two physical preparations with
certainty, then we mathematically represent the
latter by orthogonal statistical matrices; and vice
versa, by non-orthogonal statistical matrices if we
do not know of any such observation procedure.
(1’)
(Two statistical matrices φ and ψ are said to be orthogonal if
and only if tr(φψ) = 0.) This re-statement makes clear the
2difference between the physical phenomenon and the math-
ematical objects used to describe, or represent, it: we see
that von Neumann’s original proposition, which looked math-
ematical in nature, disguises in fact a statement about physics
methodology. Note also that from a logical point of view2 I
have completed von Neumann’s original proposition
orthogonality ⇒ distinguishability
into the two
distinguishability ⇒ orthogonality,
indistinguishability ⇒ non-orthogonality,
or equivalently
distinguishability ⇔ orthogonality.
(The reader should pay attention not to confuse the
“causal” connexion, in a loose sense, with the logical con-
nexion which exist between distinguishability and orthogo-
nality. The causal connexion goes only in one direction: a
physicist uses orthogonal matrices because the corresponding
preparations are distinguishable, but two preparations do not
become suddenly distinguishable just because she has repre-
sented them on paper by two orthogonal matrices. The logical
connexion goes instead both ways: if a physicist can distin-
guish two preparations, we can deduce that she will represent
them by orthogonal matrices; and if we see that a physicist
represents two preparations by orthogonal matrices, we can
deduce that she knows of an observation procedure that can
distinguish those preparations. The present author confused
these two kind of connexions himself in the first drafts of this
paper. This kind of confusion between physics and probability
is called “the mind-projection fallacy” by Jaynes [21–23].)
With regard to von Neumann’s (and Peres’) second propo-
sition (2), it can be rephrased as follows:
if we could distinguish, by means of some obser-
vation procedure, two physical preparations rep-
resented by non-orthogonal statistical matrices,
then we could violate the second law of thermo-
dynamics.
(2’)
This proposition makes as well a clear distinction between
physical phenomenon and mathematical description; how-
ever, it is logically intrinsically vain. Let us see why from
a logical point of view first. The antecedent of the proposi-
tion3 formally is ‘distinguishability ∧ non-orthogonality’, but
this is false in view of the previous statement (1’), namely
2 In the following I use the two logical symbols ‘⇒’ (‘implies’, ‘if . . . then’)
for logical implication, and ‘∧’ (‘and’) for logical conjunction [20].
3 In a proposition of the form ‘A ⇒ B’, A is called the antecedent (or impli-
cans, or protasis) and B the consequent (or implicate, or apodosis) [20].
‘distinguishability ⇒ orthogonality’: remember that if ‘A ⇒
B’ holds, then we cannot have both A true and B false [20].
But we know that from a false antecedent one can idly de-
duce any proposition whatever [20], hence the statements (2)
and (2’) are devoid of real content. Speaking on a less ab-
stractly logical level, the point is that if we can distinguish two
preparations represented by non-orthogonal statistical matri-
ces, then we are evidently no longer following our prescrip-
tion (1’) to mathematically represent preparation distinguish-
ability by means of matrix orthogonality; we are inconsistent.
Any consequences we derive, like e.g. violations of the sec-
ond law, are likely to be only artifacts of our inconsistency
rather than real phenomena. We must thus amend the partic-
ular statistical matrices or the whole statistical-matrix space
used, since they have not been adequately chosen to describe
the physical phenomenon in question or our experimental ca-
pabilities.
I shall in fact show explicitly that the violation of the second
law of statements (2) and (2’) is only an artifact, by analysing
Peres’ demonstration [2] and comparing it with Jaynes’ al-
ready mentioned analysis [14] of an analogous seeming viola-
tion of the second law of thermodynamics due to entirely clas-
sical “indistinguishability” issues.4 In order to do this, let us
analyse the way in which von Neumann and Peres link quan-
tum distinguishability and non-orthogonality with the second
law of thermodynamics.
3. “QUANTUM” IDEAL GASES, SEMI-PERMEABLE
MEMBRANES, AND THERMODYNAMICS
In order to analyse a proposition which relates distinguish-
ability of quantum preparations with the second law of ther-
modynamics, it is necessary to introduce a thermodynamic
body possessing “quantum” characteristics, i.e., quantum de-
grees of freedom.
Let us first recall that (“classical”) ideal gases are defined
as homogeneous, uniform thermodynamic bodies characteris-
able by two thermodynamic variables: the volume V > 0 and
the temperature T > 0, and for which the internal energy is a
function of the variable T alone;5 this implies, via the first law
of thermodynamics, that in any isothermal process the work
done by the gas, W, is always equal to the heat absorbed by
the gas, Q:
W = nRT ln(Vf/Vi) = Q (isothermal processes), (3)
4 Jaynes used his analysis to show that the definition and the quantification
of the thermodynamic entropy depend on the particular thermodynamic
variables that define the thermodynamic system: a long known fact, which
also Grad [24–26], who had different views on statistical mechanics than
Jaynes’, stressed.
5 See e.g. the very fine little book by Truesdell and Bharatha [27].
3where Vi and Vf are the volumes at the beginning and end of
the process, R is the molar gas constant, and n is the (constant)
number of moles. This formula will be true throughout the
paper, as we shall only consider isothermal processes.
One often considers samples of such ideal gases in a cham-
ber and inserts, moves, or removes impermeable or semi-
permeable membranes6 at any position one pleases in order
to subject the samples, independently of each other, to varia-
tions of e.g. volume or pressure.7
We must now face the question of how to introduce and
mathematically represent quantum degrees of freedom in an
ideal gas. Von Neumann [1, §V.2] used a hybrid classical-
quantum description, microscopically modelling a “quantum”
ideal gas as a quantity n of classical particles (for simplic-
ity) possessing an “internal” quantum degree of freedom rep-
resented by a statistical matrix ρ living in an appropriate
statistical-matrix space; this space and the statistical matrix
are always assumed to be the same for all the gas particles.
He then treated two gas samples described by different statisti-
cal matrices as gases of somehow different chemical species.8
This conceptual device presents some problems, to be dis-
cussed more in detail elsewhere [38]; for example, the chemi-
cal species of a gas is not a thermodynamic variable, and even
less a continuous one: chemical differences cannot change
continuously to zero.9 Intuitively, it would seem more appro-
priate to somehow describe a quantum ideal gas by the vari-
ables (V, T, ρ) instead, taking values on appropriate sets.
However, we shall follow von Neumann and Peres instead
and speak of a ‘φ-gas’, or a ‘ψ-gas’, etc., where φ or ψ are
the statistical matrices describing its quantum degrees of free-
dom, just as if we were speaking of gases of different chemical
species (like e.g. ‘argon’ and ‘helium’).10 The thermodynamic
variables are only (V, T ) for each such gas.
6 Partington [28, §28] informs us that these were first used in thermodynam-
ics by Gibbs [29].
7 Although the conclusions drawn from such kind of reasonings are often
valid, it must be said that the mathematical description adopted is want-
ing (Truesdell often denounced the fact that classical thermodynamics has
only very rarely been treated with the conceptual respect and mathematical
dignity which are accorded to other theories like rational mechanics or gen-
eral relativity). The correct formalism to describe insertions and removals
of membranes should involve field quantities (cf. Buchdahl [30, §§46, 75]
and see e.g. Truesdell [31, lectures 5, 6 and related appendices] or ref-
erences [32–36]), as indicated by the possibility of introducing as many
membranes as we wish and hence to control smaller and smaller portions
of the gas.
8 The idea had been presented by Einstein eighteen years earlier [37], but it
is important to point out that for Einstein the “internal quantum degree of
freedom” was just a “resonator” capable of assuming only discrete energies
(i.e., it was not described by statistical matrices, and non-orthogonality
issues were unknown); thus his application was less open to problems and
critique than von Neumann’s.
9 An observation made by Partington [28, §II.28] in reference to Larmor [39,
p. 275].
10 Dieks and van Dijk [40] point rightly out that for a φ-gas one should more
correctly consider the total statistical matrix
⊗N
i=1 φ, where N = nNA (with
NA Avogadro’s constant) is the total number of particles.
Two samples of these quantum ideal gases can be (more
or less effectively) separated by semi-permeable membranes,
analogous to those used with chemically different gases. The
microscopic idea [1, p. 196][2, p. 271] is, paraphrasing
von Neumann, to construct many windows in the membrane,
each of which is made as follows: each particle of the gases
is detained there and an observation is performed on its quan-
tum degrees of freedom. Depending on the observation re-
sult, the particle penetrates the window or is reflected, with
unchanged momentum. This implies that the number of par-
ticles and hence the pressures or volumes of the gases on the
two sides of the semi-permeable membrane will vary, and may
set the membrane in motion, producing work (e.g. by lifting
a weight which loads the membrane). In more general terms,
this membrane is a device which performs a physical oper-
ation, described by a given positive-operator-valued measure
(POVM) and completely positive map (CPM) [41–44], on the
quantum degrees of freedom of the gases’ particles, and de-
pending on the result it acts on their translational degrees of
freedom, e.g. separating them spatially. There arises thus a
kind of mutual dependence between the quantum degrees of
freedom and the thermodynamic parameters (like the volume
V) of a quantum ideal gas.
Let us make an example. Imagine a chamber having vol-
ume V and containing a mixture of a quantity n/2 of a z+-gas
and n/2 of a z−-gas, i.e., of two quantum ideal gases whose
quantum degrees of freedom are represented by the statistical
matrices
z+ def= |z+〉〈z+ | =ˆ
(
1 0
0 0
)
, (4)
z− def= |z−〉〈z− | =ˆ
(
0 0
0 1
)
, (5)
in the usual spin-1/2 notation (Fig. 1, step a). These two statis-
tical matrices represent quantum preparations that can be dis-
tinguished with certainty, hence there exists a semi-permeable
membrane, of the kind described above, which is completely
opaque to (the particles of) the z−-gas and completely trans-
parent to (the particles of) the z+-gas. Analogously, there
exists another semi-permeable membrane with the opposite
properties, viz. it is completely opaque to (the particles of) the
z+-gas and completely transparent to (the particles of) the z−-
gas. Such membranes implement the two-element POVM {z±}
with outcomes given by the CPMs {ρ 7→ z±ρz±/ tr(z±ρz±)}:
acting on the z+-gas it yields11
z+ 7→ z+ with probability tr(z+ z+ z+) = 1,
z+ 7→ z− with probability tr(z− z+ z−) = 0, (6a)
11 Due to the large number of gas particles considered, the outcome proba-
bilities are numerically equal, within small fluctuations negligible in the
present work, to the average fraction of gas correspondingly transmitted or
reflected by the membranes.
40.5 |z+〉〈z+ |+
0.5 |z−〉〈z− |
(a)
✲Q < 0
|z+〉〈z+ |
|z−〉〈z− |
(b)
Figure 1: Separation of completely distinguishable quantum
gases
while acting on the z−-gas it yields
z− 7→ z+ with probability tr(z+ z− z+) = 0,
z− 7→ z− with probability tr(z− z− z−) = 1 (6b)
(note that these are just von Neumann projections), i.e., the
operation separates the two preparations which certainty. The
only difference between the membranes is in which kind of
gas (particle) they let through.
Now, imagine to insert these two membranes in the cham-
ber, very near to its top and bottom walls respectively. Push-
ing them isothermally toward the middle of the chamber, they
will separate the two gases and in the end we shall have the
z+-gas completely above the first membrane and the z−-gas
completely under the other in contact with the first (step b).
In order to move these membranes and achieve this separation
we have to spend an amount of work equal to
−2 × n
2
RT ln V/2
V
≈ 0.693 nRT, (7)
because each membrane must overcome the pressure exerted
by the gas to which it is opaque. Since the process is isother-
mal, the quantity above is also the (positive) amount of heat
released by the gases.
The semi-permeable membranes can also be used to realise
the inverse process, i.e. the mixing of two initially separated
z+- and z−-gases. In this case Eq. (7) would be the amount
of heat absorbed by the gases as well as the amount of work
performed by them.
However, the quantum degrees of freedom of two gases
may also be prepared in such a way that no observation proce-
dure can distinguish between them with certainty, and hence
there is no semi-permeable membrane which can separate
them completely; this has of course consequences for the
amount of work that can be gained by using the membrane.
Let us make another example. Imagine again the initial situa-
tion above, but this time with a mixture of a quantity n/2 of a
z+-gas and n/2 of an x+-gas, with
x+
def
= |x+〉〈x+| =ˆ 12
(
1 1
1 1
)
. (8)
The two statistical matrices z+ and x+ are non-orthogonal,
tr(z+x+) , 0, and correspond to quantum preparations that
cannot be distinguished with certainty, and so there do not ex-
ist semi-permeable membranes which are completely opaque
to (the particles of) the one gas and completely transparent
to (the particles of) the other gas. Mathematically this is
reflected in the non-existence of some two-outcome POVM
{A1, A2} with the properties
z+ yields first outcome with probability tr(A1 z+A1) = 1,
z+ yields second outcome with probability tr(A2 z+A2) = 0,
(9a)
and
x+ yields first outcome with probability tr(A1 x+A1) = 0,
x+ yields second outcome with probability tr(A2x+A2) = 1.
(9b)
It can be shown [1, 2] that in this case the operation which
will require the maximum amount of work is represented by
the two-element POVM {α±}, where
α± def= |α±〉〈α± | =ˆ 1
4
(
2 ±
√
2 ±
√
2
±
√
2 2 ∓
√
2
)
, (10)
|α±〉 def=
(
2 ±
√
2
)− 12 (|z±〉 ± |x±〉),
≡ 1
2
[
±
(
2 ±
√
2
) 1
2 |z+〉 +
(
2 ∓
√
2
) 1
2 |z−〉
]
, (11)
whose outcomes are given by the CPMs (projections) ρ 7→
α±ρα±/ tr(α±ρα±). Note that the Hilbert-space vectors |α±〉
are the eigenvectors of the matrix λ, where
λ
def
=
1
2
z+ +
1
2
x+ =
2 +
√
2
4
α+ +
2 −
√
2
4
α− =ˆ
1
4
(
3 1
1 1
)
, (12)
and they are orthogonal, so that tr(α+α−) = 0. The action of
this POVM on the statistical matrices of our gases is given by
z+ 7→ α+ with probability tr(α+ z+α+) = (2 + √2)/4
≈ 0.854,
z+ 7→ α− with probability tr(α− z+α−) = (2 − √2)/4
≈ 0.146,
(13a)
and
x+ 7→ α+ with probability tr(α+x+α+) ≈ 0.854,
x+ 7→ α− with probability tr(α−x+α−) ≈ 0.146. (13b)
The significance of the equations above is that the half/half
mixture of z+- and x+-gases can equivalently be treated as a
0.854/0.146 mixture of an α+-gas and an α−-gas, as is now
shown.
We can construct two semi-permeable membranes which
implement the above POVM and CPMs in such a way that
they can be used to completely separate an α+-gas from an
α−-gas, i.e., one membrane is totally transparent to the for-
mer and totally opaque to the latter, and vice versa for the
other membrane. By inserting these membranes in the cham-
ber as in the preceding example, they will partially separate
50.5 |z+〉〈z+ |+
0.5 |x+〉〈x+ |
(a)
✲Q < 0 |α+〉〈α+ |
|α−〉〈α− |
(b)
Figure 2: Separation of partially distinguishable quantum
gases
and transform our z+- and x+-gases leaving in the end an α+-
gas above and an α−-gas below the two (adjoined) membranes
(Fig. 2). The gases will have same the pressure but occupy un-
equal volumes because the ratio for both z+- and x+-gases to
be transformed into an α+-gas and an α−-gas is approximately
0.854/0.146, as seen from Eqs. (13); this will also be the ratio
of the final volumes. The total amount of work necessary to
perform this separation is
− 0.146 nRT ln 0.146V
V
− 0.854 nRT ln 0.854V
V
≈
0.416 nRT, (14)
where the first term is for the upper membrane (transparent
to the α+-gas) and the second for the lower one (transparent
to the α−-gas). This is also the amount of heat released by
the gases, and we see that it is less than the amount for the
previous case, Eq. (7). Of course, in the reverse process, in
which we mix two initially separated α±-gases in the same
amounts, the gases would absorb the same (positive) amount
of heat.
We shall in a moment examine how Peres uses such semi-
permeable membranes to show that if we could distinguish
and separate two quantum-ideal-gas samples characterised by
non-orthogonal statistical matrices, then a violation of the sec-
ond law would follow. Although he explicitly adopts von Neu-
mann’s entropy formula, his demonstration really only uses
the assumption that the thermodynamic entropy depends on
the values of the parameters describing the phenomena in
question at a particular instant but not on their history (as in-
stead is the case in more general thermodynamic and thermo-
mechanic processes [31]), so that in a cyclic process, in which
we start from and end in a situation described by identical pa-
rameter values, the entropy change is naught:
∆S = 0 (cyclic process). (15)
We shall also make this same sole assumption, and since it
does not require a specific formula for the entropy (such as
von Neumann’s formula), we shall not make use of any par-
ticular entropy expression.
Finally, let us recall that the second law of thermodynamics
for isothermal processes says that the amount of heat Q ab-
sorbed by a thermodynamic body, divided by the temperature
T , is bounded above by the change in entropy:12
Q/T 6 ∆S (isothermal process). (16)
This assumes in our case for a cyclic process the form13
Q/T 6 0 = ∆S (isothermal cyclic process). (17)
4. PERES’ DEMONSTRATION
Peres’ demonstration [2, pp. 275–277] can be presented as
follows. The physicist Tatiana describes the internal quantum
degrees of freedom of her ideal gases by means of a spin-1/2
statistical-matrix space (with the related set of POVMs). She
starts (Fig. 3, step a) with two quantum ideal gases equally
divided into two compartments having volumes V/2 each and
separated by an impermeable membrane. In the upper com-
partment there is a z+-gas, in the lower a x+-gas, where z+
and x+ are the statistical matrices defined in the previous
section, Eqs. (4) and (8). Since they are non-orthogonal,
tr(z+x+) , 0, there are no means to distinguish with certainty
the two gases. This implies for Tatiana the non-existence of
two semi-permeable membranes with the property of being,
the one, completely transparent to the z+-gas and completely
opaque to the x+-gas, and vice versa for the other, as discussed
in the previous section.
Enters a “wily inventor”, as Peres calls him [2, p. 275];
let us call him Willard. He claims having produced two
such semi-permeable membranes, which can completely dis-
tinguish and separate the two gases. By means of them
he reversibly mixes the two gases, obtaining work equal to
Q′ = nRT ln 2 ≈ 0.693 nRT , cf. Eq. (7). We have now a sin-
gle chamber of volume V filled with a half-half mixture of z+-
and x+-gases (step b).
From Tatiana’s point of view, the situation is now the same
as that discussed in the last example of the previous section:
the gas mixture is equivalent (step d) to a mixture of approx-
imately 0.854 parts of an α+-gas and 0.146 parts of an α−-
gas, where α+ and α− are the statistical matrices defined in
Eq. (11). Tatiana uses two semi-permeable membranes to
separate the two α±-gases, the α+-gas into a 0.854 fraction
of the volume V , and the α−-gas into the remaining 0.146
fraction (so that they have the same pressure), and spends
work equal to −Q′′ = −nRT (0.854 ln 0.854+0.146 ln0.146) ≈
0.416 nRT , cf. Eq. (14).
Tatiana then performs two operations corresponding to uni-
tary rotations of the statistical matrices associated to the two
12 This is a special case of the Clausius-Duhem inequality [32, §258][31,
lecture 2][45], which is more generally valid for inhomogeneous, non-
uniform bodies and for irreversible, non necessarily isothermal processes:∫
B r/T dm+
∫
∂B q/T dA 6
∫
B s˙ dm, where r, q, s, are respectively the massic
heating supply, the heating influx, the massic entropy of the body B having
surface ∂B, and the dot represents the substantial derivative.
13 See also Serrin’s [46] nice analysis of the second law for cyclic processes.
6gases to a common one, say z+, so that the two compartments
now contain for her the same z+-gas; she then eliminates the
membranesand reinserts another impermeable one to divide
the gas into two compartments of equal volume (step e), and
finally performs again an operation represented by a rotation
z+ 7→ x+ of the statistical matrix associated to the gas in the
lower chamber. In this way she has apparently re-established
the original condition of the gases (step a), which have thus
undergone a cycle. These last operations are assumed to be
performable without expenditure or gain of work, hence with-
out heat exchange either.14
Tatiana summarises the results as follows: the total entropy
change is naught because the initial and final conditions are
the same: ∆S = 0. The total heat absorbed by the gases
equals the work done by them and amounts to
Q = Q′ + Q′′ ≈ (0.693− 0.416) nRT = 0.277 nRT > 0. (18)
Hence, we have a violation of the second law (17) because for
Tatiana’s gases
Q/T > 0 = ∆S . (19)
Tatiana accuses Willard of having violated the second law
by means of his strange semi-permeable membranes that “sep-
arate non-orthogonal states”.
|z+〉〈z+ |
|x+〉〈x+ |
(a)
✲Q′ > 0
?
0.5 |z+〉〈z+ |+
0.5 |x+〉〈x+ |
(b)
✲≡ 0.85 |α
+〉〈α+ |+
0.15 |α−〉〈α− |
(c)
❄
−Q′′ < Q′
|α−〉〈α− |
|α+〉〈α+ |
(d)
✛
|z+〉〈z+ |
|z+〉〈z+ |
(e)
✛
|z+〉〈z+ |
|x+〉〈x+ |
(f) ≡ (a)
✻≡
Figure 3: Quantum gas experiment from Tatiana’s point of
view
14 Note that von Neumann [1, pp. 194 and 197] and Peres [2, p. 275] assert
that unitary rotations can be realised by processes involving no heat ex-
change, but work exchange is allowed and indeed sometimes necessary.
However, in our present discussion we have assumed all processes to be
isothermal and all gases ideal, and this implies that any isochoric exchange
of work must be accompanied by an equivalent exchange of heat (see § 3);
for this reason must Tatiana’s final isochoric unitary rotations be performed
with no energy exchange. This issue is related to the problematic way in
which the quantum and classical or thermodynamical descriptions are com-
bined; namely, the statistical matrices are not thermodynamic variables au
pair with the real numbers (V and T ) describing the gas.
Ar
Ar
(a)
✲Q′ > 0
? Ar
(b)
✲
Ar
Ar
(c) ≡ (a)
✻ ≡
Figure 4: Classical gas experiment from Johann’s point of
view
5. JAYNES’ DEMONSTRATION
We leave the quantum laboratory where Tatiana and Willard
are now arguing after their experiment, and enter an adjacent
classical laboratory, where we shall look at Jaynes’ demon-
stration [14]. The situation here is in many respects very sim-
ilar to the previous, though it is completely “classical”.
We have an ideal gas equally divided into two chambers
of volumes V/2 each and separated by an impermeable mem-
brane (Fig. 4, step a). For the scientist Johann the gas in the
two chambers is exactly the same, say “ideal argon”:15 for
him it would thus be impossible, not to say meaningless, to
find a semi-permeable membrane that be transparent to the
gas in the upper chamber and opaque to the gas in the lower
one, and another membrane with the opposite properties.
The scientist Marie states nevertheless that she has in fact
two membranes with those very properties. She uses them
to reversibly and isothermally mix the two halves of the gas,
obtaining work equal to Q′ = nRT ln 2 ≈ 0.693 nRT (step b).
Yet, from Johann’s point of view Marie has left things ex-
actly how they were: he just needs to reinsert the impermeable
membrane in the middle of the vessel and for him the situa-
tion is exactly the same as in the beginning: the gas is equally
divided into two chambers (steps c, a).
Johann’s conclusion is the following: The initial and final
conditions of the gas are the same and so the total entropy
change vanishes: ∆S = 0. The work obtained equals the heat
absorbed by the gas,
Q = Q′ ≈ 0.693 nRT > 0. (20)
The second law of thermodynamics states that this amount
of heat divided by the temperature cannot exceed the entropy
change,16 Q/T 6 ∆S , but this is quite incompatible with Jo-
hann’s conclusion that
Q/T > 0 = ∆S (21)
(cf. Tatiana’s Eq. (19)).
15 Real argon, of course, behaves like an ideal gas only in certain ranges of
temperature and volume.
16 Note that, strictly speaking, ideal gases (or mixtures thereof) cannot un-
dergo irreversible processes (the usual example of “free expansion” evi-
dently assumes that the gas is not ideal during the expansion).
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Figure 5: Classical gas experiment from Marie’s point of
view
Johann, however, is never dogmatic about his own knowl-
edge of the experimental facts. Asking Marie whether she is
able to reproduce her “trick” at will or whether it was only
chance, and upon her answer that the separation is repro-
ducible, he understands that where for him there was only one
gas there must actually be two different gases. This is indeed
the case: Marie explains that the two chambers initially con-
tained two different kinds of ideal-argon, of which Johann had
no knowledge: argon ‘a’ (aAr) and argon ‘b’ (bAr). Argon a is
soluble in whafnium while argon b is not, but the latter is sol-
uble in whifnium, a property not shared by the a variety.17
Marie’s separation of the two gases aAr and bAr was pos-
sible by means of two semi-permeable membranes made of
whifnium and whafnium that take advantage of these different
properties.
We see (Marie’s point of view, Fig. 5) that the second law
is not violated. Initially the two gases aAr and bAr were
completely separated in the vessel’s two chambers (step a).
After mixing and extracting work, the vessel contained an
equal mixture of aAr and bAr (step b). Upon Johann’s rein-
sertion of the impermeable membrane the vessel is again di-
vided in two equal chambers, but each chamber contains a
mixture of aAr and bAr (step c), and this is different from
the initial condition (step a): the cycle has not been com-
pleted although it appeared so to Johann, and so the equation
∆S = 0 is not necessarily valid. To close the cycle one has
to use the semi-permeable membranes again to relegate the
two gases to two separate chambers, and must thereby spend
an amount of work −Q′′ at least equal to that previously ob-
tained, −Q′′ > Q′, and the second law (16) for the completed
cycle is satisfied: Q = Q′ + Q′′ 6 0 = ∆S .
The simple conclusion, drawn by Jaynes [14, §3] in terms
of entropy, is that
it is necessary to decide at the outset of a prob-
lem which macroscopic variables or degrees of
freedom we shall measure and/or control; and
within the context of the thermodynamic sys-
tem thus defined, entropy will be some func-
tion S (X1, . . . , Xn) of whatever variables we have
chosen. We can expect this to obey the second
17 Jaynes explains that ‘whifnium’, as well as ‘whafnium’, “is one of the rare
superkalic elements; in fact, it is so rare that it has not yet been discov-
ered” [14, §5].
law [Q/T 6 ∆S ] only as long as all experi-
mental manipulations are confined to that cho-
sen set. If someone, unknown to us, were to
vary a macrovariable Xn+1 outside that set, he
could produce what would appear to us as a vi-
olation of the second law, since our entropy func-
tion S (X1, . . . , Xn) might decrease spontaneously,
while his S (X1, . . . , Xn, Xn+1) increases.
This is old wisdom; for example, Grad had explained thirty-
one years earlier that [25, p. 325] (see also [24, 26])
the adoption of a new entropy is forced by the
discovery of new information. [. . . ] The exis-
tence of diffusion between oxygen and nitrogen
somewhere in a wind tunnel will usually be of
no interest. Therefore the aerodynamicist uses an
entropy which does not recognise the separate ex-
istence of the two elements but only that of “air”.
In other circumstances, the possibility of diffu-
sion between elements with a much smaller mass
ratio (e.g., 238/235) may be considered quite rel-
evant.
We can rephrase Grad’s and Jaynes’ remark shifting the em-
phasis to the distinction between the experimental situation
and the mathematics which describes it: The fact that some
physicist can perform experimental operations which contra-
dict our mathematical description and which apparently lead
to violations of e.g. the second law, simply means that that
physicist is able to control physical phenomena which are not
contemplated by our mathematical description, and the sec-
ond law is not necessarily violated in that physicist’s more
appropriate mathematical description.
6. RE-ANALYSIS OF PERES’ DEMONSTRATION
With the insight provided by Grad and Jaynes, we can re-
turn to the quantum laboratory and look with different eyes
at what happened there. If Willard can reproducibly distin-
guish and separate with certainty the two physical prepara-
tions represented by Tatiana through the non-orthogonal sta-
tistical matrices z+ and x+, this can only have one meaning:
these preparations have to be represented by orthogonal sta-
tistical matrices instead, at least in experimental situations in
which Willard takes advantage of his instrumental capabili-
ties, his “tricks”. This is not in contradiction with Tatiana’s
formalism: with the instruments and apparatus at her dis-
posal the two physical situations are not distinguishable with
certainty, and so the appropriate way for her of representing
them was by non-orthogonal statistical matrices. But she can
now share Willard’s instrumentation and knowledge and use
an accordingly more adequate mathematical description of the
physical facts.
We can imagine a possible explanation from Willard’s point
of view (it is just a possible one, and even more drastic ones,
8requiring abandonment of the quantum-mechanical formal-
ism, might be necessary in other instances). Willard explains
that the internal quantum degrees of freedom of the gases
are best represented by a spin-3/2 statistical-matrix space, of
which Tatiana used a subspace (more exactly, a projection)
because of her limited observational means; i.e., part of the
statistical-matrix space was “traced out” because Tatiana used
only instrumentation represented by a portion of the total
POVM space. For instance, denoting by {|z˜+〉, |z˜−〉, |z`+〉, |z`−〉}
the basis for the Hilbert space used by Willard, with 〈z˜+ |
z`+〉 = 〈z˜− | z`−〉 ≡ 0, Tatiana could not distinguish, amongst
others, the preparations corresponding to |z˜+〉 and to |z`+〉, both
of which she represented as |z+〉, nor those corresponding to
|x˜+〉 def= (|z˜+〉 + |z˜−〉)/√2 and to |x`+〉 def= (|z`+〉 + |z`−〉)/√2, which
she denoted as |x+〉. The projection is thus
|z˜+〉 7→ |z+〉, |z˜−〉 7→ |z−〉, |z`+〉 7→ |z+〉, |z`−〉 7→ |z−〉,
(22)
from which also follows
|x˜+〉 7→ |x+〉, |x˜−〉 7→ |x−〉, |x`+〉 7→ |x+〉, |x`−〉 7→ |x−〉,
(23)
which makes it evident that Tatiana cannot distinguish prepa-
rations and experiments represented by the vectors with a tilde
from the corresponding ones represented by accented vec-
tors.18
Thus, the preparations which Tatiana represents by z+ and
x+ because for her they were indistinguishable, are instead
represented by Willard by
z˜+ def= |z˜+〉〈z˜+| =ˆ
( 1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
)
, x`+
def
= |x`+〉〈x`+ | =ˆ
( 0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0
)
, (24)
which are clearly orthogonal, tr( z˜+ x`+) = 0, because for him
the two corresponding preparations are distinguishable. From
his point of view, the process went as follows. The two com-
partments initially contained z˜+- and x`+-gases (Fig. 6, step a).
With his semi-permeable membranes he mixed the two distin-
guishable gases with extraction of work (step b), so that the
chamber eventually contained a τ-gas with
τ =
1
2
z˜+ +
1
2
x`+ =ˆ 12
( 1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0
)
. (25)
Tatiana’s subsequent separation by means of her semi-
permeable membranes (steps c, d), distinguishing the prepa-
rations corresponding to α+ and α−, is represented by Willard
by the POVM
E± def= |α˜±〉〈α˜±| + |α`±〉〈α`±|,
=ˆ 14

2±
√
2 ±
√
2 0 0
±
√
2 2∓
√
2 0 0
0 0 2±
√
2 ±
√
2
0 0 ±
√
2 2∓
√
2
 , (26)
18 An even more evident notation would be |z˜+〉 ≡ |z+, z+〉, |z`+〉 ≡ |z+, z−〉,
etc., but it might be misleading in other respects.
with
|α˜±〉 def=
(
2 ±
√
2
)− 12 (|z˜±〉 ± |x˜±〉), (27)
|α`±〉 def=
(
2 ±
√
2
)− 12 (|z`±〉 ± |x`±〉), (28)
cf. Eq. (11), and the associated CPMs τ 7→
E±τE±/ tr(E±τE±).
That separation led to a compartment, with volume 0.854V ,
containing the gas mixture
1
2 |α˜
+〉〈α˜+| + 12 |α`
+〉〈α`+|, (29)
and the other compartment, with volume 0.146V , containing
the gas mixture
1
2
|α˜−〉〈α˜−| + 1
2
|α`−〉〈α`−|. (30)
Tatiana could not perceive that these were mixtures, because
of her limited instrumentation.
The following step corresponded to the rotations
|α˜+〉〈α˜+ | 7→ |z˜+〉〈z˜+ |, |α`+〉〈α`+ | 7→ |z`+〉〈z`+| (31)
for gases in the upper compartment, and
|α˜−〉〈α˜− | 7→ |z˜+〉〈z˜+ |, |α`−〉〈α`− | 7→ |z`+〉〈z`+| (32)
for the gases in the lower compartment (remember that
〈z˜+ | z`+〉 = 0). The successive elimination and reinsertion of
the impermeable membrane led to two compartments of equal
volumes V/2 and equal content, viz. the equal mixture of
|z˜+〉〈z˜+|- and |z`+〉〈z`+ |-gases (step e).
The final rotation for the gas in the lower compartment,
|z˜+〉 7→ |x˜+〉, |z`+〉 7→ |x`+〉 (33)
(remember that 〈x˜+ | x`+〉 = 0), only led to two equal com-
partments containing the mixtures of 12 |z˜+〉〈z˜+ | + 12 |z`+〉〈z`+ | and
|z˜+〉〈z˜+ |
|x`+〉〈x`+ |
(a)
✲Q′ > 0
!
0.5 |z˜+〉〈z˜+ |+
0.5 |x`+〉〈x`+ |
(b)
✲.
0.43 |α˜+〉〈α˜+ |+
0.07 |α˜−〉〈α˜− |+
0.43 |α`+〉〈α`+ |+
0.07 |α`−〉〈α`− |
(c)
❄
−Q′′ < Q′
0.5 |α˜+〉〈α˜+ |+
0.5 |α`+〉〈α`+ |
(d)
q
0.5 |α˜−〉〈α˜− |+
0.5 |α`−〉〈α`− |
✛
0.5 |z˜+〉〈z˜+ |+
0.5 |z`+〉〈z`+ |
0.5 |z˜+〉〈z˜+ |+
0.5 |z`+〉〈z`+ |
(e)
✛
0.5 |z˜+〉〈z˜+ |+
0.5 |z`+〉〈z`+ |
0.5 |x˜+〉〈x˜+ |+
0.5 |x`+〉〈x`+ |
(f) . (a)
✻
. (−Q′′′ > Q′ + Q′′)
Figure 6: Quantum gas experiment from Willard’s point of
view
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2 |x˜+〉〈x˜+ | + 12 |x`+〉〈x`+ | gases respectively (step f). This is of
course different from the initial situation (step a); but for
Tatiana, whose instrumentation was limited with respect to
Willard’s, the initial and final conditions appeared identical.
The second law is not violated, because the cycle has not
been completed, and the equation ∆S = 0 does thus not nec-
essarily hold. It is easy to see that in order to return to the ini-
tial condition an amount of work −Q′′′ > 4× (1/4)nRT ln 2 ≈
0.693 nRT has to be spent to separate the |z˜+〉〈z˜+ |-gas from the
|z`+〉〈z`+ |-gas, and analogously for the |x˜+〉〈x˜+ |- and |x`+〉〈x`+ |-
gases. A final operation must then be performed correspond-
ing to the rotations of the statistical matrices |z`+〉〈z`+ | and
|x˜+〉〈x˜+ | to |z˜+〉〈z˜+| and |x`+〉〈x`+| respectively, and we have fi-
nally reached again the initial condition (step a). The total
amount of heat absorbed by the gases, corresponding to the
work performed on them would then be
Q = Q′ + Q′′ + Q′′′ 6 (0.693 − 0.416 − 0.693)nRT =
− 0.416nRT 6 0 = ∆S , (34)
and the second law, for the completed cycle, is satisfied
(strictly so: we see that the whole process is irreversible, and
it is easy to check that the only irreversible step was the sepa-
ration performed by Tatiana into α+- and α−-gases).
7. CONCLUSION
The re-analysis, with Jaynes’ (and Grad’s) insight, of the
simple quantum experiment which seemed to violate the sec-
ond law leads to the following almost trivial conclusion: if
the physicist Willard can reproducibly distinguish two physi-
cal preparations that the physicist Tatiana represents by non-
orthogonal statistical matrices, then no necessary violation of
the second law of thermodynamics is implied from Willard’s
point of view. On the other hand it is certain that the partic-
ular statistical-matrix space adopted by Tatiana for the phe-
nomenon’s description is not (any longer) adequate, and has
to be amended (in extreme cases a non-quantum-mechanical
description might be necessary) in order to avoid inconsisten-
cies like e.g. seeming violations of the second law. Alterna-
tively, Tatiana can keep on using the unamended mathemat-
ical description, but she must then renounce to treat with it
situations involving the new experimental possibility and the
related phenomena, in order to avoid inconsistencies.
This conclusion emphasises the distinction, somewhat ob-
scured in von Neumann’s statements but often stressed by
Peres [2, 11, 43, 47] and Jaynes [23] amongst others,19 be-
tween physical phenomena and their mathematical descrip-
tion: “quantum phenomena do not occur in a Hilbert space.
19 E.g. Ekstein [3, 4], Giles [5–7], Foulis and Randall [8–10], Band and
Park [12, 13]; cf. also References [15–17].
They occur in a laboratory” [47].20 (The present author is
in fact guilty of unclarity about this important distinction in
a previous paper [48].) The usual metonymic expression21
“to distinguish two statistical matrices” is certainly handy, but
must be used with a grain of salt: what we distinguish is in fact
two physical situations, facts, phenomena, or preparations;
not two statistical matrices. The latter should mathematically
reflect what we can do with these preparations, e.g.whether
we can distinguish them, and be amended whenever new ex-
perimental facts appear.22
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